Abstract. Geodesic balls in a simply connected space forms S n , R n or H n are distinguished manifolds for comparison in bounded Riemannian geometry. In this paper we show that they have the maximum possible boundary volume among Miao-Tam critical metrics with connected boundary provided that the boundary of the manifold is an Einstein hypersurface. In the same spirit we also extend a rigidity theorem due to Boucher et al. [7] and Shen [19] to n-dimensional static metrics with positive constant scalar curvature, which provides another proof of a partial answer to the Cosmic no-hair conjecture previously obtained by Chruściel [8] .
Introduction
Let (M n , g) be a connected, compact Riemannian manifold of dimension n ≥ 3 with connected smooth boundary Σ = ∂M and a fixed boundary metric γ. The purpose of this paper is to present some rigidity results for critical points of the volume functional V : M R γ → R, where M R γ is the space of metrics on M which has constant scalar curvature R as well as induced metric on Σ given by γ. In recent years some important results were obtained about critical points of V , for instance, Miao and Tam [15] showed that if g ∈ M R γ has the property that the first Dirichlet eigenvalue of (n − 1)∆ g + R is positive, then g is a critical point of V restricted to the space M g stand, respectively, for the Ricci tensor, the Laplacian operator and the Hessian form associated to g on M n . In the same paper they also proved that among compact domains Ω in simply connected space forms, geodesic balls are the only critical metrics of V ( if Ω ⊂ S n , one assumes V (Ω) < f : M n → R is a smooth function such that f −1 (0) = Σ satisfying the overdetermined-elliptic
Here, L * g is the formal L 2 -adjoint of the linearization of the scalar curvature operator L g given by L * g (f ) = −(∆ g f )g + ∇ 2 g f − f Ric g . Such a function f is called potential function.
We point out that if f : M → R satisfies (1.2) then the scalar curvature of (M n , g) must be constant (cf. Proposition 2.1 in [9] and Theorem 7 in [15] ). In fact, taking the divergence of Eq. (1.2) we get f ∇R g = 0. So, if ∇R g (p) = 0 for some p ∈ M then ∇R g = 0 in a non-empty open set U ⊂ M . Thus f ≡ 0 in U which can not occur by Eq. (1.2). Therefore, R g is constant on M . Whence, we may assume that R g = n(n − 1)ε, where ε = −1, 0, 1. Moreover, in order to avoid strongly notation we denote the quantities related to the metric g without the subscript g. Motivated by ideas developed by Kobayashi [13] , Miao and Tam in [16] sought answers to the following question: Question 1. Under which condition are the geodesic balls in a simply connected space form R n , S n or H n the only Miao-Tam critical metrics?
In this context, they proved that a locally conformally flat, simply connected MiaoTam critical metric (M n , g, f ) with boundary isometric to a standard sphere S n−1 must be isometric to a geodesic ball in a simply connected space form R n , S n or H n . In low dimensions (n = 3, 4), Barros et al. [5] improved this theorem by showing that the assumption of locally conformally flat can be replaced by the weaker condition of Bach-flat. In [16] , Miao and Tam also showed that the assumption of the boundary to be isometric to a standard sphere S n−1 can be removed provided that (M n , g) is an Einstein manifold. This theorem plays a crucial role in this article.
Theorem 1 (Miao-Tam, [16] 
is called a static triple or simply a static metric.
We remark that Eq. (1.3) appears in General Relativity, where it defines static solutions of Einstein field equations. Corvino et al. [9] (Proposition 2.1) showed that a static metric also has scalar constant curvature R. When the scalar curvature is positive there exists a classic conjecture called cosmic no-hair conjecture, formulated by Boucher et al. [7] which claims that:
The only n-dimensional compact static triple (M n , g, f ) with positive scalar curvature and connected boundary Σ is given by a round hemisphere S n + , where the function f is taken as the height function.
There are interesting results about this subject, for instance, Kobayashi [13] and Lafontaine [14] proved independently that the conjecture is true when (M n , g) is supposed to be conformally flat; see also [2] for further related results. Besides, an important answer to this question was obtained by Boucher-Gibbons-Horowitz [7] and Shen [19] according to the next result.
Theorem 2 (Boucher-Gibbons-Horowitz [7] , Shen [19] ). Let (M 3 , g, f ) be a compact oriented static triple with connected boundary and scalar curvature 6. Then Σ is a two-sphere whose area satisfies the inequality
with the equality holding if and only if M is isometric to the round hemisphere.
Inspired by the inequality of the last theorem, with the additional condition of the boundary isometric to a sphere S n−1 (r) of radius r > 0, Chruściel [8] concluded that r ≤ Batista, Diógenes, Ranieri and Ribeiro [6] obtained a natural extension of Theorem 2 to Miao-Tam critical metrics. More precisely, in [6] it was proved the following result: Let (M 3 , g, f ) be a compact, oriented, Miao-Tam critical metric with connected boundary Σ and nonnegative scalar curvature. Then Σ is a 2-sphere and
,
Moreover, the equality in (1.4) holds if and only if (M 3 , g) is isometric to a geodesic ball in a simply connected space form R 3 or S 3 .
Afterward, Barbosa et al. [4] showed that this result also holds for negative scalar curvature provided that the mean curvature of the boundary satisfies H > 2. Furthermore, they extended this result to 5-dimensional Miao-Tam critical metrics assuming that the boundary Σ to be Einstein. Corvino, Eichmair and Miao [9] and Yuan [22] The goal of this paper is to extend for dimension n ≥ 4 the estimates obtained in [6] and [4] for Miao-Tam critical metrics as well as the remarkable result due to Boucher, Gibbons and Horowitz [7] and Shen [19] for static metrics. Thus, with these estimates we can get important answers to question 1 and to the cosmic no-hair conjecture. Before to announce our main theorem we recall basic facts about the Yamabe constant.
Let (M n , g) be a closed smooth manifold of dimension n and denote by 
where Rg is the scalar curvature ofg and dVg its volume element. Furthermore, the Yamabe constant can be expressed in terms of positive smooth functions (takingg = ϕ 4 n−2 g, ϕ positive and smooth on M ):
The infimum always exists by a fundamental theorem obtained in several steps by Yamabe [21] , Trudinger [20] , Aubin [1] and Schoen [18] . It is not difficult to verify that the Yamabe constant of a standard sphere S n is given by
where ω n denotes the volume of the standard unit sphere S n .
Now we are in position to state our main result. First of all we will prove that geodesic balls in a simply connected space forms S n , R n or H n have the maximum possible boundary volume among Miao-Tam critical metrics with connected boundary Σ provided that the boundary Σ is an Einstein hypersurface. More precisely, the following theorem holds.
, n ≥ 4, be a compact, oriented, Miao-Tam critical metric with connected boundary Σ, and scalar curvature R = n(n − 1)ε, where ε = −1, 0, 1. Suppose that the boundary Σ is an Einstein manifold with positive scalar curvature R Σ . In addition, if ε = −1, assume that the mean curvature of Σ satisfies H > n − 1. Then we have
where C(R) = n−2 n R + n−2 n−1 H 2 is a positive constant. Moreover, the equality in (1.6) holds if and only if (M n , g) is isometric to a geodesic ball in a simply connected space form S n ,
According to Theorem 3 we obtain a partial answer to the question of Miao and Tam in [16] (Question 1). More precisely, we have the following result.
, n ≥ 4, be a compact, oriented, Miao-Tam critical metric with connected boundary Σ isometric to a sphere S n−1 (r) of radius r = (n−1)(n−2)
, and scalar curvature R = n(n − 1)ε, where ε = −1, 0, 1. In addition, if ε = −1, assume that the mean curvature of Σ satisfies H > n − 1. Then (M n , g) is isometric to a geodesic ball in a simply connected space form S n , R n or H n .
It should be emphasized that under the normalization of the scalar curvature considered in the above corollary the constant C(R) becomes
When a Miao-Tam critical metric has nonnegative scalar curvature it is possible to estimate the volume of M n according to the next corollary.
Corollary 2.
Under the same conditions of Theorem 3, but R ≥ 0, we deduce
Moreover, the equality in (1.8) holds if and only if (M n , g) is isometric to a geodesic ball in the Euclidean space R n .
For static metrics, the next theorem extends the result due to Boucher-Gibbons-Horowitz [7] as well as one due to Shen [19] for arbitrary dimension. More precisely, we will prove the following result. In addition, the equality in (1.9) is attained only for a round hemisphere S n + .
Thus, Theorem 4 provides a partial answer to the cosmic no-hair conjecture formulated by Boucher et al. [7] . To be precise, we get an alternative proof to the following corollary previously obtained by Chruściel [8] .
Corollary 3. The Cosmic no-hair conjecture is true when the boundary Σ is isometric to a standard sphere S n−1 .
Gibbons, Hartnoll and Pope in [10] constructed counterexamples to the cosmic no-hair conjecture in the cases 4 ≤ n ≤ 8. However, in these counterexamples one can find boundary components which are topologically spherical but endowed with non-round metrics and Riemannian products of spheres. So, this does not contradict Corollary 3.
Preliminaries
In this section we present some basic facts and results about Miao-Tam critical metrics and static triples that will be useful for the conclusion of our results announced before. We recall that the fundamental equation (1.1) can be rewritten in tensorial language as
In particular, tracing this equation we have
where R stands for the scalar curvature on M . Moreover, using (2.2) we can check that
whereT stands for the traceless of T.
As previously stated, we already know that we must have constant scalar curvature which will be assumed R = n(n − 1)ε, ε = −1, 0, 1. Note also that |∇f | = 0 on Σ. It is important to point out that f and g are analytic according to Corvino, Eichmair and Miao [9] . Thus, f cannot vanish identically in a non-empty open set; whence the set of regular points of f is dense in M . Moreover, since f ≥ 0, the outward unit normal ν to the level set Σ = f
is given by ν = − ∇f |∇f | . Further, |∇f | is constant on Σ. In fact, let X ∈ T Σ, so using (2.1) and (2.2) we get X(|∇f
n−1 X, ∇f = 0. Proceeding, let {e 1 , . . . , e n−1 , ν} be an adapted orthonormal frame on Σ. The second fundamental form on Σ is given by h ij = ∇ ei ν, e j = − 1 |∇f | ∇ ei ∇f, e j , which gives
for i, j = 1, . . . , n − 1. So, the boundary Σ is totally umbilical with positive constant mean curvature given by
On the other hand, the Gauss equation for Σ reads as follows
Now, taking the trace in the coordinates j, l and using (2.4) we get
Again, taking the trace in (2.7) we infer
where R Σ stands for the scalar curvature of Σ.
Next we deal with static triples. But, we will avoid details because the main results about such metrics follow mutatis mutandis as in the former case.
The fundamental equation (1.3) for a static triple is given by
whose trace gives
Moreover, we also rewrite equation (2.9) as follows
We also have |∇f | a positive constant on Σ because 0 is a regular value of f as well as M n has constant scalar curvature R (Corvino et al. [9] ). Here we will assume R positive obeying R = n(n − 1). The difference with the former case is that the boundary Σ now is totally geodesic. In fact, from (2.9) and (2.10), the second fundamental form of Σ turns out
for an adapted orthonormal frame {e 1 , . . . , e n−1 , ν = − ∇f |∇f | } associated to Σ. So, the Gauss equation becomes
where R Σ , as before, is the scalar curvature of Σ.
With these informations we are in position to present the crucial results which will be important to arrive at our main focus.
From equation (2.3) or (2.11) we can check that the following identity holds for the metrics considered here:
Thus, integrating (2.14) on M , using that |∇f | is constant on Σ, and applying the divergence theorem we deduce the following lemma, which was proved previously in [6] .
Lemma 1. Let (M n , g, f ) be a compact, oriented, connected Miao-tam critical metric (or static triple) with connected smooth boundary Σ. Then,
In order to prove Theorem 3 we need the following proposition which can be found in [4] . But, for sake of completeness we include its proof here.
, n ≥ 3, be a compact, oriented, connected Miao-Tam critical metric with connected smooth boundary Σ and scalar curvature R = n(n − 1)ε, where ε = −1, 0, 1. Then the following identity occurs
where C(R) is given by (1.7).
Proof. From Lemma 1 and Gauss equation (2.8) we get
as desired.
Applying again Gauss equation (2.13) in Lemma 1 we deduce a similar result to static triple.
Proposition 2. Let (M n , g, f ), n ≥ 3, be a compact, oriented, connected static triple with connected smooth boundary Σ and scalar curvature R = n(n − 1). Then we deduce
Finally, we announce one of the fundamental source due to Ilias [12] that will be used in the proof of our main theorem. Before, let us introduce the following constants:
where ω n = |S n |, as well as
Then we get the following result.
Theorem 5. [12]
Let (M n , g), n ≥ 3, be a compact riemannian manifold without boundary.
for all f ∈ H 1,2 (M ), where ω n (δ) = δ − n 2 ω n .
Proofs of the Main Results

Proof of Theorem 3.
In order to prove Theorem 3 the previous result due to Ilias ([12] , Theorem 3) is fundamental. Indeed, as the boundary Σ is an Einstein manifold with R Σ > 0, we take δ = R Σ (n−1)(n−2) > 0 to obtain
Therefore, applying to Σ n−1 the quoted theorem due to Ilias we deduce Next we compare this last inequality with relation (3.2) to infer that the coefficient of K(n − 1, 2) must be greater than or equal to 1, i.e.
ωn−1(δ) |Σ| 
